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rcquirwnmlt  of gmlcral  covariallcc  iIn])arts to IIictric  theories of gravity,

mlat,ivity,  important structural features. A ]mcisc  mathematical foI~n

of Gravity

such as

results,

c]lsuri]lg  that com])utatioIl  of obscrvab]c  ])hysical  cfrcclls iI] the theory  g;ivcs the same an-

swers i]lclcpc]lclcntly  of the cl IoscII systcxn of coorclillatcs. ‘1’his  coordinate iIldcpcItdcnlcc

l) IOIWILY, ill tur]l, call ]cacl  to a]] ccluivahlcc  of apl)arcn)t]y  diffcrmt  physical  cffecls.  AI I

i]n])ortal]t  example  is ])rovidcd  by LIIC  p} ICI IOIn CIIOII of geodetic prccmsiorl  of a gyroscope

as it falls freely i]] the gravitatio]lal  field of a ]nassivc  body. A sirn])le argumm)t  is ])rc-

scn)tcd  that  dcmo]lstratcs  clearly, without the ]Iccd fm dc!tailcd calculation], IIOW geodetic

])1’ccC!ssioll  of a gyroscope aIld the effect  of fraTl”Ic- dra~p;illg,  arc fuIldamcIltally  C! C] UiVak!Ilt.

‘1’l)c argurnm)t  a]q)lics  to a gc]IcIal  class of lnctric tllcories of gravity. ‘1’here exist potlcll-

tially  im])orLa]lt  implications of this (!quivalm)co  for iI]tcI~)rctillg  cxpcrilnc]lts  ]no~)oscd to

test frame- drag.giIlg.
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1. INTROI)LJC’I’1ON ANI) SUMMARY

Gc)lcral relativity predicts two  maiIl  effects 011 the s~)ill  of gyroscope: (1) the precession

of the sl>in axis duc to the rnotiorl  of tlic ~~yrosc.o~w ill tllc gra.vitatiorml  field of a massive

body, and (2) the precession arisi~lg  from the “gravitomagl]ctic” field related to motions of

tllc source itmlf. W. de Sitter derived tllc first effect, refcnmd  to as “geodetic” precession,

iIl all aIlalysis  of the Inotiol]  of the MooII around  the l’hth as th{! syslmm  revolves around

tllc SUII [1]. ]lccausc  of all arguIncIlt  prcsmtcd by Sclliff, tJIc sccolld  cficct  can  be re fe r red

to as the “frame-dragged” prcccssiol]  [2]. 1 lotll  effects arc small in the vici~lity  of the

l’;artll,  ~ncser)tillg  a comidcrab]c  cllallcmgc to cx~~crililclltalists,  Since  tllc original proposal

by  Sclliff ill 1960, all expcriIncIlt  to test both eflccts precisely has bccu under dcvclopmmt

with IJIC su~~~)ort  of the Naiional  AcroIla.utics  aIIcl SIMcc  AclInillistraLio]l  (NASA) [3].  in

tliis cx~)cl-ilncllt,  now well-kIIowII as Glavity  l’Iobc  }1 ((;1’-11) [4], gyroscopes collsisti]lg

of electrically supported, spherical rotors arc to be flc)wIl ill aII l’larth  ol-biting  satellite.

11’or a gyroscope ill a 650 k~n radius polar orbit,  the gyx)cletic  ~nmcssion  is 6600 III arc-

scc/yr, whi le  the  frame-  dra~;g(!d ~)rcccssioIl  is oIIly 42 m arc-scc/yr.  ‘1’hc p,oal of G])-]]

is to Incasure  tlIcsc  Cffccts to aIl accuracy of 1 m  arc-sec/yr, A cliffcrmlt vcrsioll  of LIIC

cx~mimc~lt  }Ias been pro~)oscd tl]at WC)UICI use  a clrag-free satel l i te  dcsigll,  illstcad of aIl

c]cctrical  suspmlsiol)  syslmn  for the rotors [5] .  Studies suggest  that this dcsigIl Inig Jlt

bc! able to del iver  iIn~)rovccl  a c c u r a c i e s  by a factor c)f 102 to 103, ~)rovidcd it is used

ill collju~lctioll  with a dual-satellite sclIcInc a]ld ll-liclc):ttcscco~ icl-level stdla]  astroInelJy.

11 i@cst  ~xmsiblc  accuracy is dmirable llc)t olIly for vcrifyili~  tllc prccessic)lls  LIIcmsclvcs, but

fc)r tcst,illg  otllcr in]portaIlt  tllcorc:tical  ~)reclictio~ls  (e.g,.,  a ~)otelltially  slna]l  dcviatioIl  from
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uIlity of the post-NcwtoI~ian  parameter

field theories [6]). Satellite cx~min~cIits

~ncccssiol)s  at the accuracies of G }‘- l{,

~ clue to cosmological rclaxatioIl  in scalal--tcmor

cInldoyi  Ilg altm!ative  methods for detecting the

but without using  actual gyroscopes have tmclI

proposed (for a review, see ltef,  [7]; discussio~)  of a ~)roposcd cx]~crin~c~lt  with 1,AG1~;OS

satellites can be found ill ltcf.  [8]), Most reccnitly, a special task group was organized by

tllc~NatioIlal  }tescarc]i  Gullcil  of the Natimlal  Academy of Scicxlccs  to review the merits

of G] ‘-13 and to make rccoIIl~~leIldatiolls OII conti  Iiucd fuIidillg  (cstimatecl at aI] additional

,, $340 Millicnl  to reach the mld of the prc)jcct,  bcyo~id  $240 Milliol] spmt u]) to the cnld of

fiscal year 1995, for a total cost of $580 Millio~l)  [9].

III tlic mcaliLiInc,  i t  l[as bccornc  ~mssible to clctcrmiljc  tile 19.2 m  arc-scc gcoclctic

~~rcccssioll  of the luIlar  ~migcc ~mdictcd  by de Sitt,cr  to art accuracy  o f  2% [1 O, 11].

G codctic  prcccssioIl  of pulsar s~)iI1-axes might  bc coIIfirInc!d  cvmltually in favorable pulsar

binary  systems [1 2]. As we will sw ill Inm c clctail,  the iIltcl-~)lc!tatioll  of geodetic ~nwccssioll

observat ions caI] be cxpaI]dcxl ill all iIlt,cl  mtiIlg way. IIccause of gcnlmal covariallcc,  tile

observable prcccssioIl  call be calculated ill ally coIwcllicIL  refcrmlcc  frame. III a frame in

wl]ich  tJIc ~nassive body is at rest,  tllc l)reclicted  ~)mccssioIl  a~)~)cars  to bc ~Jurcly  geodetic

ill c)rigi]l, a~q)arclltly  dcpc~]dcIlt  U])OII tllc motic)]l  of tllc! gyroscope.  IIowcvcr, iIl a frame

ill wl]ich t}lc g,yrosco~w  is at rest, t}lc  prcccssioll  CaII bc S} IOWII  to bc. ~)urc]y a coI]scquellcc

of fraInc-d raf,gi ng due to tlIc a~)~)arcllt  lnotioll  of LIIC source . ‘1 ‘his result call be ~nwvel]

l-ip,orous]y  by clcrivilig  the coordinate trallsfoll~latlioll  that is required to ~,ivc tllc metric

i)] a frame comoviIlp, with the f,yrosco]w  [1 3].

‘J’llc I)UI1)OSC  of this essay is to SIIOW IIC)W t}lc cquivalmlce  of p,codet,ic ~mccssioIl  al~d

3



frame-clragging can be easily clcnloIlstratccJ  ill mc%ric  theories of gravity without detailed

coordinate traIlsformatioIl  calculations, and tc) shccl ncw  lig}lt  on the theoretical inter-

pretation  of rclatecl  cx~)crirncI]t,s,  More sj)ccifically,  tile former  goal will be accomplished

by  iIlspcctioIl  of a “fulldamcutal”  cquatioll  for gyrosco~>ic precession which is common to

metric theories, As a result of L}IC prclJaratioIl  of this essay, it bccamc a~y>arcIlt  how the

cquivalcllcc could bc broadcllcd  to il[cludc  frame-dragging from rotati]lg  sources, ‘J ‘his

potclltial]y  im~)ortallt  issue  will bc co]lsidcrcd  ill the (;onclusiolls.  l“or IIOW, our a?lalysis

}Jrocccds as follows,

ltclativc  to a local 1,omltz frame oricntccl  with res~mct to tlI[! distant stars

d[!sig,l)ated by the acroIlym  01,1,1+’) that is comovi)lg  with a f;yroscope  haviI]g

(hcnccforth

a velocity d

orclc]  ill metric

-, .
a massive bocly, t}Ie s})i~l  I,llrcc-vect,ol  S IS dctcrniillcd  to })ost- NcwtoIlian

theories of gravity by t}lc equatiol)  [14]

(is : dxs,
dl

-,
Wllfmc tl)e all~;ular  velocity c~f ~ncccssioIl Q is givclI  by

Wc use the tcrrnino]ogy  01.1 ,1~,

“(]~lasi-illcltial” fra]ne (acloptcd

kcl)t  aligllcd  011 the distmlt  stars

for oricmttcd  local 1,orc)ltz  frame, versus  tllc

iIl lkf. [13]) to em~)llasize  that  this frame is

(1.1)

tcrmitlology

meaIlt to bc

‘J’hc first co~ltributioli  to cquatioxl  (1 .2) is tlIc  well-kllowl[

‘J’llolnas l)rcccssion  for a gyroscope that has a~i accclcratioll  i-i CIUC to IloI1-gravitatio~  lal
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forms. l“rame-dragging  arises  from iJIc second  tfmn ill cquatioIl  (1 .2), which is secJI to

dcpencl  upon the off-diag,ona]  terms in IJIC Inctlic,  wllerc  g = goje~,  Geodetic precession

results  from the third term, wlIcrc  [J is tkc NcwtmILia~l poteIlt,ial  of the body, dcfi~ied

~)c)sitivc]y.  ‘J’lIc  parameter 7 (equal to OIIC in gmlcral  relativity) measures  the coIlt,ributiorl

from the purely slmtia]  COImjOIICIItA  of the metric. A ~)oint of clarificatio~l  is in orclcr here

rcgardiIlg  terminology used iIl the literature. As an example, it has bccII remarked that

gcodcti  c prcccssioll “is csscnltially  just  tllc  ‘J’homas ~)rcccxsio~l  causccl by ~ravitatioIl”  [15]

(siII_IilarlY,  scc l~~f [1~]). ‘J’his  aI1alou Inllst I)c i~lvokcd to a r r ive  a t  a  cor rec t  result i n

derivations of g,codctic  ~)rcccssioIl  that treat gravity as a s~~ill-2  field 011 a flat background

[1 7], or that  specialize to LIIC case of a u~iiform  field [1 8]. ‘J’cclix,ically,  however,  as a result

of g;codcsic motion  a~ld ~~arallcl  trausl)ort,  LIICIC is 110 ‘J’homas precession for a gyroscope

that is frcwly-fallil!g  (i.e., exl]cricllcillg  110 l}c)I1-g,Iavitati[)llal  accclcratiorls).

III tllc rest, -frarnc of a Iloll-rotatillg  lnassivc  bocly, the ofl’-diagoIlal conl~)c)IlcIlts  of  the

xnc~ric va~lisll, iI] which case a frcw]y fallillg  gyrosco~x!  is scxxl

ccssioIi oIIly,  IIowcvcr, equatic)Il (1 .2) call be used  equa l ly  a s

acc(!]cratcs  ill suc]i  a way that Ilis velocity ]natc}les  that  of the

to u~ldcrgo geodetic ~Jrc-

WC]l  by all ObSC!I”VC!I’  w h o

gyroscope at a ~)articular

illsta)lt, With respect to this accelerated Icfmmice  frame, tl]c  freely-falliIlg, gyrosco~)e is

teln~)orarily  at rest, wllilc tl]c  mass ive  body  IIOW IJas a vc]ocity  – 0. According  to equa-

tio]l (1 .2), tllc gyIosco~Jc call uIldcrgo  oIIly a fI-arIle-clI-~Lp, g,iI]p,  ~)rcccssioIL relative to this

Obsc!rvm. After corrcctiIlg this rcsu]t for ‘J ‘llomas prcccssion, i t  call be SIIOWII t ha t  the

~)rcxwssioll  relative to tllc 01,1 ,1~’ comovil]g  with  tile  g;ymscope  is cquivalcmt  ill metric theo-

ries of gravity to ~;codctic prcccssioI1. ~oIIvcmcly,  geodetic ~)rcccssioIl  caIl bc illtcvcprctcd



as aIl effect that is partly due to “spiI1-cJrbit” coupli  Ilg, as in ltcf. [1 7], iIl which there

a.~qwars an induced gravitornagnctic  field ili the rest-frame of the gyroscope (for furthf!r

discussioIl,  sw licf. [19]),

III tlie ~wxt sectioli,  the full details of the above  argument  are presented. III particu-

lar, it is showII that withiIl  the parametrized ~)ost-NcwtoniaI1  (1 ‘} ’N) formalism [20], the

~mtcwtia]s  ill the off-diagoIlal  cornpoxlmlts  of tlIc  metric yield a frame-draggccl ~mxmsion

wl)icll is equivalent to geodetic ~)rcccssioll  WIICII tl]e  a~lalysis is pcrformccl  in t}lc  accclcl-

atcd reference fra~ne and tlICII traIlsfomlccl  to t}Ic co~novi~ig  01,1,1”. ~orlcludiIl~  remarks

ap~mar  iIl Scctiol]  111,

With rcs~)cct to all observer WIIO at a particular iIlsLalli,  is accc]crating  wit]] d : -VU,

but whose velocity teln~)orarily  matches that of a freely-fa]ling gyroscope, the! gyrosco~)c

~)rcccsscx  due to frame-draggillg oIIly,  with )jrcccssiollal  aIigular  velocity

wllcrc O’ is to be evaluated ill tllc  accc]cralmcl  frame. ‘1’llis  fra~nc is assumed to bc llolIro -

tatillg.  ‘J’o  post-NcwtoniaIl  order,

(2,2)
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wlIcre  tl]c  potmltials  Vj a~ld Wj arc dcfiIiccl  a s

(2,3a)

(2.3b)

Wii,])out  aficctiIlg  the results,  possible colltribut,ioIls  to equation (2.2) from motion  with

rcsl)cct to a ~mfcrrcd rcfcmv]ce frame have bccII Ilcglcctcd  for the sake of  cla~ity. ‘1’he

~)araInctms  A aIld A’ are giva] ill the I’I’N forrnalisln  by t,lic e x p r e s s i o n s

A z --(1/2 )(47-1 3-1 al - az-l cl - 2~), (2,4(z)

A’= - ( 1 / 2 ) ( 1  -! a?- ~] -! 2~), (2.41!))

wlIc!rc tlIc  ~~lcfcrled-fIaI1lc paramctms  (r] and CY2 a r c  t o  bc set to z e r o ,  l“or tllc case  ill

which tllc body as a whole has olIly all a~qmlcllt  translational  velocity - U’ (i. e., lIo rotatio]l

01- ilitcrllal Inotiolls),  cxpal)sicm of V’j aIld Wj iIl ~)ow(!rs  of 1 /r yields  to lowest  Older

(2.5a)

(2,5b)



w h e r e  [J = fi4/T a~ld the unit, vector  h IJOiIILS frolli t he  gyroscope  towards  the b o d y ,

l’;quations  (2.1), (2.2), and (2.5) give

h’ = - (1/2)(A  -1 A’)ti X  ti~l. (2.6)

‘1’hc prcccssiona]  velocity of tlIe gyroscol~e  rcla.tivc  to tlIc  cornoving  01,1,11’ call be fou~ld

by briIlg,iIlg  up a IlollroLatiIlg  local  freely-falliIlg frmnc  (1 ,l’’lrl~) which is iIlstallLaIlcously

a t  r e s t  rcdativc  to tlic  body,  }klativc  to this 1,1’’l~’l+’, the basis vectors of the accclcratccl

frame arc ‘1’homas  prccessiIi.g with aIl~,ular velocity

ti~ = - (1/2)i;  x ii= (1/2)ti  x  V U . (2.?)

‘1 ‘Ilcrcforc,  the prcccssioI1al  velocity of tlJc f:yIoscolm  I clativc to the 1 ,1’’}”}~ is p,ivcIl  by

A siIn})lc boost from the 1,1’’1”1> to tllc  corllovillp,  01,1,1” dots Iiot altm this lcsult  to }xEt-

Ncwtollia~l  order, l’k~uatioIls  (2,7) allcl  (2,8) arc tlIus  SCCII to yield for a freely-falling

?>yrosco])c  Lhc result

(~ u - (1/2)(A -I A ’  -I 1)0 x V(J. (2.9)

11’or A a~lcl A’ g,ivc]l  by cquatio]l  (2.4), this result is sccrt to bc ccluivalcnlt to tllc p u r e l y
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geodetic  precession predicted by cquaticm  (1 .2).

111. CON(31,USIONS

‘ l’he above argumcxlt  dcnnonstratcs  clearly the itltitnate  rclatioIlship  that exists it~

Inctric  theories of gravity bctwcc~l geodetic ]JrcccssioII mld  frame-dragging. 1 t has been

SIIOWII here how purely g;codctic prcccssiml  caIl readily k intcrprctcd  as a ccnlscqucmcc

of fralnc-  dragg,illgr ‘1’IIus,  the vcn-ification  of  the dc S i t t e r  prcccx+sioIl of  the MOOII a t

the 2% Icwcl is also scxm to test the terms msl)c)IJsiblc  for frame-clrag;.ging, im~)lying that

[A -I A’[ z 440 ,02  accordil,g to  equa t ion  (2,9),  ‘1’his  t heore t i ca l  i~ltcrprct,atio,l  is ap-

propriate for p,cIlcrally  covariaIlt,  me t r i c  thcorim of ~,ravity. Although ltot  coxlsiclcrcd

}lc!rc,  it is cxpcctcxl  that a violation  of 1,orcIltr, illvariallcc  would disturb the ccluivalcrlce

of these precession Cfrcds. ‘Ilk is sug,gestcd  by the Inallllcr  ill which diflcrex]t rcfcmllce

frarncs havi]]g  a relative velocity mltcr  into tllc above analysis.  l“urtllcr  work oII this issue

could  reveal illtmxxtiIlg  coIiscqucI]ccs, an t ]  show IIow ~mtcl)tial  im~)rov~!nlcn]tls  coulcl bc

obtai]lccl  with ~)rcccssioll  cx~mlinlcllts  for tcstillp, 1 ,omlltx  i]lvariaIlce.  It lIas lWCHI cln~Jha-

sizcd  cdscwhcm  how

arc vitally I[cccssar.y

correct obscrvatiolla]

terms collIlcctc!cl  witl) frame-drag~ing that arise! ill IIlctric  t~lcorics

for canccllatioIl  of coulitcrtcrrns  ill ccltaill  calculations iIl order for

prcclictiolls  to r(!su]t [21],

It rmnaills for future cxpcriIncIlts,  such as G 1 ‘-II, to test clir(!ct]y  f)alllc-clla~;~,illg  pro.

duccd by t,lIc p,ravitomag)lctic  field of a rotatiIl~  source. 1 lowcvcr, tllc  above considerations

sup,p,cst  }IOW geode t i c  prcccssioIl  tests COUIC1 a~)~>ly to t}}is  case,  as well. col)sidcr  a g,y-

rosco~w to be orbiting;  just above  tllc surface of a s] >Ilcri  cal, llon-rotati~lg  massive body,



‘J’his  allows fhc radius of the orbit to be set equal to the radius of the body. We have

seen how gcocletic  precession oIIly would  occwr. llowt!ver,  a frame rotati~lg  at Lhc orbital

period of the gyroscope CaII bc used i~istcacl. III this frame, t}lc body would now be ro-

tati]lg ixl the opposite sense, WhCI-CaS  L}IC gyroscope woulcl appear  to be perfectly at rest.

A gravitomagnetic  field would exist iIl this frmnc,  giviIlg rise to frame-clraggi~lg. It must

still be ~)ossiblc to calculate the same pmccssion using the ~nctric  iIl this rotatiIlg  frame,

‘1’}lis  a~)proach  would  pe rmi t  tllc cquivalcllce  of g(!ocl~!tic  prcccssio]l  and franlc-clrag~i~lg

from a rotatiIig  source to be cstablishccl, ‘lo the best of  our kllowlcctgc,  aIl cc]uivalcIlcc

to frame-d  rag~,ing from a rotatiIlg  source has IIot bcc~l ~lotcd before (e.g., on] y apparent

t r ans l a t ion  was  treated in Ref. [1 3]). lJscful  steps iIl this clircction  lIavc been  t aken ,

llowcvcr,  by virtue of clcrivations  of t})c metric itl a rc)tatil)p,  frame (cog;,, Itcf.  [22]), ancl

cxLmlsioIls t}lat  iIlcludcd  Inassivc  sources to post-  h’cxvtolliall  orclcr [23]. ‘1’his  additional

cquivalcllce  became al)~)armlt to tl]c  aut,llor  oIIly cluri]l~  LIIC ~)rc~)aratio~)  o f  t h i s  e s s a y .

A clctailccl  a~lalysis will be ~)rcscnltcct  elsmvIIcrc, OIIcc this as~)cct is firmly establishccl,

wc will bc ab]c to coIIcludc  dcfiI)itivcly  that fl’:~~”[lc-(11’:l~gil”lp,  has bccvi  verified iIl me t r i c

tl)corics of gravity u]) to tllc  ]mxcnt  accuracy of 2% of p,cc)clctic  ~)rcccssioll  tests.

‘J’lIc Iescarch  clmcribcd  ill this rcq)ort rclwcscIIts  CHIC ~)hase o f  resea rch  ~vmformccl  at

tlIc  Jet l’ro~)ulsioll 1,aboratory  of tllc CaliforI1ia  ]I)stitutc  of ‘J’cclIIIology,  which is ulldcr

colltracL  to the National Acrollautics  al]d s~)acc A(ltI-liI}istlatioll.
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